Introduction

Let G = (V (G), E (G)
)
A set S ⊆ V (G) is a dominating set of G if for every v ∈ V (G) \ S, there exists u ∈ S such that uv ∈ E (G), that is, N G [S] = V (G). It is a total dominating set of G if N G (S) = V (G). S is a
2-dominating set of G if for every v ∈ V (G)\S, |N G (v)∩S| ≥ 2. A total dominating set S of G is a double dominating set of G if it is also 2-dominating. The domination (resp. total domination, 2-domination, and double domination) number of G, denoted by γ(G) (resp. γ t (G), γ 2 (G), and γ ×2 (G)), is the smallest cardinality of a dominating (resp. total dominating, 2-dominating , and double dominating) set of G. Any dominating (resp. total dominating, 2-dominating, double dominating) set of G of cardinality γ(G) (resp. γ t (G), γ 2 (G), and γ ×2 (G)) is referred to as a γ-set (resp. γ t -set, γ 2 -set, and γ ×2 -set) of G. a location and an intruder might be present in any of the locations in the given network. In some locations of the network are monitors or sensors which are responsible for reporting on the presence and location of the possible intruders in their respective closed neighborhoods.
It is assumed that in any point of time at most one intruder can occur in the network. Further, if S ⊆ V (G) is the set of monitors (or the locations of the monitors), it is assumed that at most one monitor x ∈ S fails to report the existence of the intruder in its closed neighborhood or gives a wrong location y of the intruder when the intruder is at v, where 
Liar's domination in the join of graphs
The join of two graphs G and H is the graph G +H with vertex-set V (G +H ) = V (G)∪V (H ) and edge-set 
Proof. Suppose that S is an
For the converse, suppose first that (i) holds. Then, clearly, S is an l d s of K 1 + G. Next, suppose that (ii) holds. Then S = S 1 ∪{v}, where S 1 is a dominating set of G satisfying the given
Consider the following cases:
If e pn G (y;
Since S 1 is a dominating set of G, there exist z 1 , z 2 ∈ S 1 such that xz 1 
Since |e pn G (z 1 ; S 1 )| ≤ 1, it follows that one of x and y, say x, is not in e pn(z 1 ; S 1 ). Thus,
Theorem 2.5. Let G and H be non-trivial connected graphs. Then S ⊆ V (G + H ) is a liar's dominating set of G + H if and only if one of the following holds:
(i) S is a liar's dominating set of G.
(ii) S is a liar's dominating set of H . Suppose that |S 1 | ≥ 2 and |S 2 | = 1. Since S is a double dominating set of G + H , it follows that S 1 is a dominating set of G. Let x ∈ S 1 . Suppose further that |e pn G (x; S 1 )| ≥ 2, say y, z ∈ e pn G (x; S 1 ), where
is not a liar's dominating set of G + H , contrary to our assumption. Thus, |e pn G (x; S 1 )| ≤ 1.
Suppose now that |e pn G (x;
. Hence, S 1 ∈ Ω G . Next, suppose that |S 1 | = 2 and suppose further that The converse is clear.
It is immediate from Theorem 2.5 that 3 ≤ γ LR (G + H ) ≤ 6 for any non-trivial connected
graphs G and H . The next results are also consequences of Theorem 2.5.
Corollary 2.6. Let G and H be non-trivial connected graphs. Then γ LR (G + H ) = 3 if and only
if at least one of the following holds:
Corollary 2.7. Let G and H be non-trivial connected graphs such that γ LR (G + H ) = 3. Then γ LR (G + H ) = 4 if and only if at least one of the following holds:
(i) γ LR (G) = 4; (ii) γ LR (H ) = 4; (iii) γ a (G) ≤ 2 and γ a (H ) ≤ 2; (iv) γ ⋆ (H ) = 3; or (v) γ ⋆ (G) = 3.
Corollary 2.8. Let G and H be non-trivial connected graphs such that γ LR (G + H ) > 4. Then γ pLR (G + H ) = 5 if and only if at least one of the following holds:
(i) γ LR (G) = 5; (ii) γ LR (H ) = 5; (iii) γ a (H ) = 3; (iv) γ a (G) = 3; (v) γ ⋆ (G) = 4; or (vi) γ ⋆ (H ) = 4.
Liar's domination in the corona of graphs
The corona G • H of two graphs G and H is the graph obtained by taking one copy of G and |V (G)| copies of H , and then forming the join 〈{v}〉
Theorem 3.1. Let G be any graph and H be any non-trivial graph. Then C ⊆ V (G • H ) is a liar's dominating set of G • H if and only if C
= A ∪ (∪ v∈A S v ) ∪ ∪ u∉A D u , where A ⊆ V (G), S v ∈ Ω H v for each v ∈ A,
and D u is a liar's dominating set of H u for each u ∉ A.
Proof. Suppose that
For the converse, suppose that C has the given form and the given properties. Let z ∈ 
Observe that a non-empty subset
, where S ⊆ V (G) and T x ⊆ V (H ) for every x ∈ S. Henceforth, we shall use this form to denote any non-empty subset C of V (G[H ]). 
Theorem 4.1. Let G and H be connected graphs of orders n ≥ 2 and m ≥ 3, respectively. A non-
empty subset C = x∈S ({x} × T x ) of V (G[H ]), where S ⊆ V (G) and ∅ = T x ⊆ V (H ) for each x ∈ S,
is a liar's dominating set of G[H ] if and only if S is a dominating set of G and satisfies each of the following:
(i) T x is a liar's dominating set of H for each x ∈ S \ N G (S); (ii) for each x ∈ S ∩ N G (S) such that N G (x) ∩ S = {y},(iv) for each x ∈ V (G) \ S, (a) |T y | ≥ 3 whenever N G (x) ∩ S = {y}; and (b) |T y | ≥ 2 or |T z | ≥ 2 whenever N G (x) ∩ S = {y, z}.
Proof. Suppose that C is an lds of G[H ]. Since C is a (double) dominating set of G[H ], it
follows that S is a dominating set of G.
liar's dominating set of H and shows that (i) holds.
suppose that |T y | = 2 and suppose further that T x is not an almost dominating set of H . Then
Hence, T x is an almost dominating set of H , showing that (b) holds.
Next, suppose that |T y | = 1. Since C is a double dominating set of G [H ] , T x is a dominating set of H . Let a ∈ T x and suppose that |e pn H (a; T x | ≥ 2, say l , m ∈ e pn H (a; T x ) (l = m).
, contrary to our assumption. Thus, T x is an almost dominating set of H . This shows that (iii) holds.
This shows that (iv) holds.
For the converse, suppose that S is a dominating set of G and satisfies properties (i), (ii), (iii) and (iv). Let (x, a) ∈ V (G[H ]) and consider the following cases:
Suppose that x ∈ S ∩ N G (S). Suppose first that |N G (x) ∩ S| = 1. Then by (a), (b), and (c) of (i i ),
Therefore, C is a double dominating set of G It can be verified that γ LR (P 3 [P 3 ]) = 3 = γ(P 3 )γ LR (P 3 ) < 6 = 3γ t (P 3 ), γ LR (P 4 [P 7 ]) = 6 = 3γ t (P 4 )
< 12 = γ(P 4 )γ LR (P 7 ), and γ LR (G[C 3 ]) = 4 < 6 = mi n{γ(G)γ LR (C 3 ), 3γ t (G)}. 
